We show that every coarse shape group can be obtained as the inverse limit of an inverse system of the groups coming from an HPol ⋆ -expansion. This provides a way of computing of these interesting topological invariants (whose algebraic structure is significantly richer than those of the homotopy and shape groups) in an easier manner. It is proven that, for inverse systems of compact polyhedra, the coarse shape group functor commutes with the inverse limit.
Introduction and preliminaries
Since its foundation the main goal of algebraic topology was to obtain some functorial relations between topology and algebra. One of the most important ideas of algebraic topology is to assign certain algebraic objects to different topological spaces. This idea allows studying of isomorphisms between corresponding algebraic structures instead of topological isomorphisms (homeomorphisms, homotopy or shape equivalences). This approach has a full significance for those spaces for which it is much easier to consider algebraic properties instead of topological ones. A desirable property of such algebraic objects is non-triviality and, moreover, that they properly represent a complicated structure of some topological objects by their, sufficiently rich, algebraic structure. The homotopy group functor π k , relating the pointed homotopy category HT op ⋆ and the group category Grp, provides good information on spaces having good local properties (such as: polyhedra, CW -complexes or, more generally, spaces having the homotopy type of AN R-s). Outside that class, algebraic tools of shape theory (e.g., the shape group functorπ k and homotopy pro-group functor pro-π k which relate the pointed shape category Sh ⋆ to the categories Grp and pro-Grp, respectively) are more suitable. The standard example is the Warsaw circle whose global similarity with the 1-sphere S 1 structure is not detected by homotopy theory. However, there are many spaces which neither shape theory nor its algebraic tools can treat in a sufficiently good way. The standard examples for that are solenoids whose rather complicated structure is not detected by the shape group functor, since the shape groups of solenoids vanish in all dimensions. Coarse shape theory, which functorially generalizes shape theory, was founded in [5] to overcome such problems. The * k (X, x 0 ) = 0, k ∈ N, but on the other hand, pro-π k (X, x 0 ) does not have the algebraic structure of a group whileπ * k (X, x 0 ) does. In other words, the coarse shape groups keep information which homotopy pro-groups have and which are usually lost in the inverse limit process needed to obtain shape groups. However, although coarse shape groups provide useful information on a pointed space, on the other hand, a certain disadvantage is that they are too large and it is not easy to compute them for a concrete space (excepting a polyhedron). In [1] , an explicit formula for computing coarse shape groups of a pointed compactum whose bonding homomorphisms of its homotopy pro-groups are monomorphisms is given. In the present paper we give a more general and useful formula for computing a coarse shape group of any space. It will be shown that every coarse shape group can be obtained as the inverse limit of a group inverse system (Theorem 2.1) instead of applying the original definition in a natural but rather complicated manner. Since, for inverse systems of compact polyhedra, the coarse shape group functor commutes with the inverse limit, we may use the term "continuity of the coarse shape group" (Corollary 3.1). A similar discussion about continuity, concerning the functor lim ← , one can find in [7] (for the coarse and weak shape categories) and in [6] (for homology and shape groups).
Let us recall some elementary notions about coarse shape (see [5] ). The pointed homotopy category HT op ⋆ has all pointed spaces (X, x 0 ) for its objects and the morphisms are all pointed homotopy classes [f ] of mappings of pointed spaces, f : (X, x 0 ) → (Y, y 0 ). In this paper morphisms of the category HT op ⋆ will usually be denoted by omitting the brackets. The restriction of the class of objects of HT op ⋆ to pointed polyhedra yields the full subcategory HP ol 
, and there exists an n ∈ N so that, for every n
, and an n ∈ N, such that, for every n
The category pro * -HT op ⋆ has as objects all inverse systems (X, x 0 ) of pointed spaces and as morphisms all equivalence classes
. It is related with the (well-known) category pro-HT op ⋆ via the "inclusion" functor J : pro-HT op ⋆ → pro * -HT op ⋆ which keeps inverse systems fixed and to each morphism
The category HP ol ⋆ is a pro-reflective subcategory of HT op ⋆ (see [6] ) which means that, for every pointed space (X, x 0 ), there exists an HP ol ⋆ -expansion of
The pointed coarse shape category Sh * ⋆ has for its objects all pointed topological spaces (X, x 0 ), while a morphism set Sh *
The functorπ * k associates with every coarse shape morphism
given by the following formula:
) (see [6] and [5] ). Therefore, if we use the abbreviationπ *
there is no possibility for ambiguity.
The main result
Theorem 2.1. Let (X, x 0 ) be a pointed space and let
be an HP ol ⋆ -expansion of (X, x 0 ). Then, for every k ∈ N,
i.e., the k-dimensional coarse shape group of (X, x 0 ) is isomorphic to the inverse limit of the inverse system (π * 
Proof. Let k ∈ N ∪ {0} and let G denote the inverse limit
be a coarse shape morphism represented by an
Notice that, for every index λ 0 , the sequence of homotopy classes:
induces an S * -morphism which represents a morphism a * λ0 :
of pro * -HP ol ⋆ between rudimentary systems. Now, the coarse shape morphism
is an element of G λ0 . Further, sinceπ * k is a functor, for every λ ⩽ λ ′ , the homotopy class
Since, by the property of the S * -morphism (1), for every λ ⩽ λ ′ , there exists an
, the following equivalence of S * -morphisms between rudimentary systems holds (a
for every pair of fixed indices λ ⩽ λ ′ . This implies that
in pro * -HP ol ⋆ . Consequently, the following equality (of coarse shape morphisms) holds
In such a manner we have defined a function
. Notice that Φ does not depend on the choice of the representative a * of the morphism A * . Indeed, assuming (a
, we infer that, for every λ 0 , there exists an n ∈ N, such that a
which means that both S * -morphisms represent the same morphism (2) which is a representative of (3). Thus, Φ (⟨[(a Let us show that the function Φ is, actually, the limit homomorphism
It is sufficient to check thať
is defined as the coarse shape morphism
where the index function ι : {λ 0 } → Λ is the inclusion. Therefore, the morphism
Thus, the homomorphism lim ←π * k (p) is equal to Φ. Next we prove that Φ is a monomorphism. It is sufficient to check that Φ (A * ) = 0 implies A * = 0. Assuming Φ (A * ) = 0 we infer that A * λ = 0 ∈ G λ , for every coordinate λ ∈ Λ. It follows that, for every λ ∈ Λ, there exists an n λ , such that a n ′ λ = 0 (a nullhomotopic map), for every n ′ ⩾ n λ . It follows that the S * -morphism (a n λ ) : :
This completes the proof.
Remark 2.2.
Since the category of pointed sets Set ⋆ admits inverse limits of inverse systems, Theorem 2.1 also holds for the dimension k = 0. Indeed, it is routine to check that the proof remains valid if we replace groups by pointed sets and homomorphisms by base point preserving functions.
An application
is the inverse limit of an inverse system of pointed compact polyhedra in the category T op ⋆ , then, by Theorem 9, I.5.3 of [6] , the morphism
an HP ol ⋆ -expansion of the pointed compact Hausdorff space (X, x 0 ). Therefore, an immediate consequence of Theorem 2.1, is the property of the continuity of the coarse shape group functor given in the following corollary.
Example 3.2. Let us consider an inverse sequence of groups (G i , q ii+1 ) , where, for
, induced by the multiplication by some prime number p i ∈ N. Then, the inverse limit
is equal, up to an isomorphism, to the group
where ∼ is the equivalence relation "to be equal at all but finitely many coordinates", N N denotes the set of all sequences in N and p 0 = 1. Indeed, since lim
by Corollary 3.1, equal to the coarse shape groupπ * 1 ( Σ (pi) , x ) of a pointed solenoid Σ (pi) , given by a sequence of prime numbers (p i ), for any base point x ∈ Σ (pi) , the conclusion follows by [1, Section 3] .
The following corollary gives a characterization of the triviality of a (sequential) homotopy pro-group via the triviality of the inverse limit of the corresponding sequence of coarse shape groups. 
is trivial, where
] is the homomorphism between quotient groups induced by π k (p ii+1 ).
Proof. By Theorem 4 of [3] , for every pointed space (X, x 0 ) admitting a sequential HP ol ⋆ -expansion, the triviality of its homotopy pro-group pro-π k (X, x 0 ) is equivalent to triviality of its coarse shape groupπ * k (X, x 0 ). Now, we can take the pointed space lim ← (X, x 0 ) and apply Corollary 3.1 and the formula for computing the coarse shape group for a polyhedron [3, Example 1].
